The neural commands for maintaining static Listing's positions were identified using a detailed model of extraocular muscle based on Miller and Shamaeva (Orbit™ 1.5 gaze mechanics simulation 1995). The commands were approximately separable, suggesting a simple control law whereby independent horizontal and vertical commands are combined to generate tertiary positions. Tests showed that this control law (i) generated Listing' s positions to reasonable accuracy over 930 deg, provided pulleys were represented in the model; (ii) if driven by retinal coordinates, produced errors close to the theoretical minimum for a commutative system. The proposed commands appear consistent with electrophysiological evidence.
Introduction
Studies that have used modelling as a tool to understand the control of three-dimensional eye movement tend to adopt one of two broad approaches. One focuses on the detailed geometrical and mechanical properties of extraocular muscles (EOMs), usually in connection with clinical issues such as strabismus surgery (e.g. Boylan & Clement, 1989; Clement, 1985; Miller & Robinson, 1984; Miller & Shamaeva, 1995; Robinson 1975b; Simonsz & Spekreise, 1996) . The other approach investigates possible control mechanisms for three-dimensional eye position or movement, often using highly simplified linear EOM models in which almost all the detail referred to above is missing (e.g. Haustein, 1989; Quaia & Optican, 1998; Raphan, 1998) . The purpose of the present study was to try to bring these two strands of research together, by determining whether a realistically detailed model of the EOMs and orbital tissues is in fact compatible with a simple control law.
Because the complexities of muscle and orbital tissue dynamics are not well understood, this determination has at present to be confined to the static problem, i.e. the identification of the control signals sent to the EOMs for every eye position in the oculomotor range. Issues relating to the dynamic problem of moving the eyes from one such position to another, in particular saccade generation in three-dimensions, have therefore to be ignored. Thus, this study deals with the 'step' of neural command associated with the change from one eye position to the next, but not with the saccadic 'pulse' which makes that change a rapid one.
The static problem faced by the oculomotor control system in maintaining eccentric eye position is more difficult than it might at first appear. The eye is stable only when the combined torque exerted by the six EOMs precisely balances the elastic restoring torque of the orbital tissues. The control system must therefore determine exact values for the six signals or innervations sent to the EOMs for each eye position, an example of solving an inverse control problem. Two kinds of obstacle stand in the way of finding such a solution. First, the system is highly non-linear (Miller & Robinson, 1984; Robinson, 1975b; Simonsz & Spekreise, 1996) . Mechanical non-linearities are present because the force exerted by each individual muscle is a non-linear function of its length and innervation, and the force exerted by the orbital tissues is a nonlinear function of eye rotation. Geometrical non-linearities arise from the complex configuration of the six EOMs which varies with the position of the eye. Secondly, the system is redundant. Mechanical redundancy arises because there are six EOMs and only three degrees of freedom for eye position, so that (infinitely) many combinations of six innervation signals will produce any particular rotational position of the eye. There is also kinematic redundancy in that a given line of sight does not uniquely specify an eye position, insofar as rotations of the eye around the axis of that line of sight can be regarded as equivalent.
These are also the obstacles to be overcome in identifying the control signals for static eye position that the system actually uses. The present study addressed them as follows ( Fig. 1) , following the strategy originally developed by Robinson (1975b) .
(1) Listing's law solves the kinematic redundancy problem for conjugate eye positions when the head is upright. For every desired version and elevation of the eye in these conditions, the third torsional component is specified by Listing's law, so that three-dimensional eye position is completely determined. (The torsion input in Fig. 1 does not imply a separate neural command for torsion: it simply represents the geometric value required to complete the specification of the 3D eye-rotation.)
(2) If the geometry of the six EOMs is known, their lengths can be deduced from three-dimensional eye position. This (non-linear) geometrical relationship can be conveniently summarised in the form of a model, of which the most developed is that of Miller and Shamaeva (1995) . The position of the eye also determines the three-dimensional elastic forces exerted by the orbital tissues, which must be opposed by the EOMs if the eye is not to return to its resting position.
(3) Mechanical redundancy is dealt with in the model by treating the six EOMs as three agonist-antagonist pairs, within each of which the innervation signal sent to the agonist is reciprocally related to the signal sent to the antagonist (Robinson, 1975b) . This treatment has been justified on empirical grounds (Clement, 1985; Robinson, 1975b) , but more recently a theoretical basis has been proposed (see Section 4). The (non-linear) relationship between the tension in an EOM and its length and innervation is also specified by the model: it is therefore possible to calculate the unique three pairs of innervation signals that, in combination with the known EOM lengths, yield the muscle forces necessary to balance the elastic torque of the orbital tissues.
In the first part of the present study, calculation of the muscle states associated with Listing's eye positions revealed that muscle length and tension were, as expected, related to eye position in a complex manner. In contrast, the calculated muscle innervations showed the extremely important property of separability: the innervations to the lateral and medial recti corresponding to a given horizontal eye position were to first approximation independent of vertical eye position, and similarly the innervations to the four remaining EOMs that corresponded to a given vertical eye position were unaffected by horizontal eye position. The detailed model thus provides evidence in favour of a very simple control law for static three-dimensional eye position which utilises two independent onedimensional subsystems controlling elevation and version (Hering, 1868 (Hering, /1977 .
In the second part of the study, the detailed model was used in forward mode, that is to say predetermined commands were fed into the model and the resultant simulated eye-positions formed the dependent variable. With this design it was possible to show that the simple control law proposed by Hering did indeed successfully generate Listing's eye positions when applied to a detailed EOM model, and moreover it could be used to fixate retinal targets, specified either monocularly or binocularly. Finally, manipulations of model parameters suggested that the successful operation of the simple control law did not depend on the precise values for muscle strength or reciprocal innervation, but did require the presence of muscle pulleys that restrict the paths of the EOMs (Demer, Miller, Poukens, Vinters, & Glasgow, 1995; Miller, 1989; Miller & Demer, 1997) .
Parts of this work have appeared previously in abstract form (Warren, Porrill, Dean & Litchfield, 1998) . . Scheme for identifying neural commands underlying three-dimensional eye-position. For a given version and elevation of the eye, the torsion is deduced from Listing's law, giving a complete description of the orientation of the eye. This is fed into a detailed model of EOMs and orbital tissue, with the constraint that the six EOMs are divided into three agonist-antagonist pairs, for each of which the innervation of one member is reciprocally related to that of the other. The combination of Listing's law and reciprocal innervation permits the innervations sent to the EOMs to be uniquely specified. 
where g i is the function that expresses that geometrical relationship for the ith EOM. This equation specifies the lengths of each of the six EOMs for any given rotational position of the globe. The tensions developed in each of the six EOMs T= (T 1 ,…,T 6 ) T are then fixed by the length-innervationtension relationship (model of muscle force):
where t i is the relationship for the ith muscle. Finally, the net torque exerted by the six EOMs on the eyeball must balance the torque exerted by the elastic forces of the orbital tissue. This torque p=(p x ,p y ,p z ) T is determined by the position of the eye:
where E is the elasticity function (since this is a purely static plant model, viscous forces are not included). The torque balance is expressed by:
where the m i are the directions of moments exerted by the EOMs on the globe, which are determined by the muscle geometry (the radius of the eyeball is common to all terms and is omitted). If the initial estimate of eye position is incorrect, the torque balance is not zero: its value can be used to improve the estimate of r. This process is repeated until the torque-balance is as close to 0 as desired. [In practice torque-balance magnitude was minimised using a standard non-linear least squares minimisation algorithm (MATLAB™ function fminlsq)]. This solves the forward control problem equation:
where the function K is not known explicitly.
Starting from a given position of the eye and identifying the innervational state responsible for it is the in6erse control problem:
It is here that the mechanical redundancy referred to in Section 1 arises. The net torque exerted on the eyeball by the six EOMs is three dimensional (Fig. 2) . Thus, any particular value of the torque can be produced by an infinite number of EOM force combinations. Consequently, many innervational states can lead to the same equilibrium position, and the function K − 1 is not defined. To determine a unique inverse three additional scalar constraints are needed. Robinson (1975b) used the condition that muscle pairs are reciprocally inner6ated so that lateral rectus innervation determines medial rectus innervation etc.
Methods
The mathematical basis of the model is described first, followed by its main features. The final part of Section 2 describes the coordinate frames used in the study. For consistency with previous work, the term 'position' is used throughout instead of the term 'orientation', which might be considered more appropriate for rotational systems. The eye positions considered in this study are generally restricted to those within 30 or 40 deg of the primary position, because the behaviour of the EOMs is not well understood outside this range. Only normal eyes are modelled.
Mathematical basis of EOM model
The mathematical basis for the model used in the present study is essentially that described by Robinson (1975b) .
The first problem to be solved is calculating the eye-position that results from a given set of control signals sent to the eye. This can be referred to as the forward control problem, and it does not involve any of the redundancies mentioned in the Section 1. The diagram of its solution is shown in Fig. 2 .
The control signals operate by altering the innervational states of the muscles. The model follows Robinson in assuming that the innervational state of an individual muscle can be described by a single parameter, so that the innervational state of the system as a whole is completely described by the innervations I = (I 1 ,…,I 6 ) T of the six EOMs (in the order LR, MR, SR, IR, SO, IO). Initially, the required position of the eye is estimated. At this rotational position described by the rotation vector r = (r x ,r y ,r z )
T of the six EOMs are determined by their geometrical arrangement in relation to the eyeball:
where the functional form z of the non-linear reciprocal innervation law is fixed empirically. With these constraints in place, the procedure outlined in Fig. 2 can be altered to start with a particular position of the eye and an estimate of the required innervational states. The resulting torque balance can then be calculated and used to improve the innervation estimate. In this way the in6erse control equation is solved numerically.
Main features of EOM model
The model used in the present study, termed EyeLab, was closely based on ORBIT™ version 1.5 (Miller & Shamaeva, 1995) , which in turn derives from the models described by Robinson (1975b) and Miller and Robinson (1984) . Details are available in these accounts: the present description is confined to the main features. The MATLAB™ code in which EyeLab was implemented is available on request.
As indicated in Fig. 1 and Fig. 2 , the model has four components.
Model of tension de6eloped in an indi6idual EOM
Tension in an EOM is treated as a function of its length and motor command. The basic function is the hyperbola given in equation (39) of Robinson (1975b) reproduced here in Eq. (8):
The term u refers to the relative strength of the EOM, k to its stiffness, and Dl to the change in muscle length from that found in the primary position: a 2 describes the curvature of the hyperbola. The command sent to the muscle is represented by the parameter e. If the muscle is kept constant at the primary position length, so that Dl remains at zero, there is a fixed relationship between e and the isometric force it produces, as shown in Eq. (9):
This equation, reproducing equation (40) of Robinson (1975b) , defines the innervation parameter I as the force developed in an EOM at primary-position length, less the passive force at that length (corresponding to a motor command of zero) represented by the value e 0 of the parameter e. Eqs. (8) and (9) allow motor commands to be represented by either e or I: the latter is used here. Eq. (8) has been adapted in models subsequent to Robinson (1975b) to produce force surfaces which reflect the leash and slack regions of an EOM. EyeLab force surfaces are implemented from those of Miller and Robinson (1984) .
Reciprocal inner6ation
Measurements of tension in the horizontal recti of conscious subjects (Robinson, 1975b) allow the innervation in the agonist muscle e agonist to be plotted against the innervation in the antagonist muscle e antagonist . The relation can be approximated by the hyperbola of Eq. (10), which reproduces equation 41 of Robinson (1975b) :
The values assigned to the parameters h and w (4.0 and 9.7, respectively) were also taken from that paper. In the model this relationship is assumed to hold between each of three pairs of EOM, namely lateral and medial rectus, superior and inferior rectus, and superior and inferior oblique.
Geometry of the six EOMs
The geometry of the EOMs as a function of eye position is determined by the locations of EOM insertions and origins, and by the paths taken between the two as eye-position changes. The locations of EOM origins and insertions relative to the centre of the globe are those used in ORBIT™ 1.5. The EOM paths were characterised by two variables, as shown schematically in Fig. 3 which depicts a globe with a horizontal rectus muscle viewed from the side. Panel A shows the eye in the primary position, together with the muscle origin O, its insertion R and the point of tangency T: the muscle lies in contact with the 3D globe between R and T, then loses contact for the portion between T and O. In panel B the eye has rotated to fixate a target displaced vertically from the primary position, and the schematic EOM has taken the shortest path between R and O, creating a new point of tangency T B . The tension in the EOM now acts at angle h to the eye's displaced horizontal plane. The first control variable is illustrated in panel C, where a point P is inserted into the muscle, a distance d from O. The section PO stays fixed when the eye moves, thereby reducing the angle h (to h d ). The point P can be regarded as representing the location of a pulley (e.g. Demer et al., 1995; Miller & Demer, 1997) , which acts as the effective origin of the EOM. Pulleys in ORBIT™ 1.5 are able to move under the influence of EOM tension, but since this movement is small for normal eyes even for eccentric eye positions, in the interests of computational simplicity EyeLab has head-fixed pulleys, located as described in ORBIT ™ 1.5.
Finally, panel D shows the EOM prevented from slipping across the surface of the globe, such that in the case illustrated the angle h has been reduced to 0 deg. The control variable here is a number K slip (0 5 K slip 5 1) by which h is multiplied, representing the degree to which sideslip is allowed. This is simpler than the method used by Miller and Robinson (1984) who treat sideslip as being reduced by elastic connective tissue which surrounds the muscles and joins them to each other, and model it as a non-linear spring acting to pull the muscle back to its primary position path. The values of K slip used in EyeLab were calculated so that muscle length changes agree closely with the ORBIT™ 1.5 model over a central 30°×30°range. Once sideslip has been calculated for the rotated eye it is a simple matter to define the circle of action of the muscle for that position and thus the subsequent change in muscle length and the unit moment vector corresponding to muscle torque direction.
Orbital elasticities
The orbital restoring force is modelled as a non-linear spring, with the coefficients in accordance with ORBIT™ 1.5.
Coordinate frames
Eye positions will be described using the conventions of Haslwanter (1995) where Fick, Helmholtz, and Listing coordinate schemes are described in detail. Coordinates (q, , ) refer to gaze, elevation and torsion components of eye position respectively and subscripts F, H, L indicate which scheme is being used. The only novelty is the introduction of Listing angles (q L , L ) by analogy with the corresponding Fick and Helmholtz angles: the fixation direction produced by the Listing rotation vector (0, r y , r z ) T has Listing gaze and elevation angles defined by q L = 2 tan − 1 r z , L = 2 tan − 1 r y . As usual L refers to the torsion of the eye relative to that of an eye obeying Listing's law.
Results
The results of the simulations are described in two parts (cf. Section 1). In the first part the detailed model is used in inverse mode, that is an eye-position is fed into the model and the resultant muscle lengths, forces and innervations are the dependent variables. The results from this part of the study show that innervations associated with Listing's positions have the property of separability: the innervation levels of the horizontal recti, for example, are related only to the horizontal component of the eye's position. This property suggests that a simple two-dimensional controller could adequately specify eye position. The second part of the study uses the detailed model in forward mode, in which commands are fed into the model and the resultant eye position is the dependent variable. This part of the study examines the properties of the two-dimensional controller suggested by the first part.
In6erse mode: extraocular muscle states deri6ed from Listing's eye positions
(Throughout this section, the terms length, force and innervation as applied to EOMs refer to simulated lengths, forces and innervations.)
The lengths of the six EOMs can be derived directly from the position of the eye given the geometry of the EOMs (cf. Fig. 2 ), as described in Section 2. The lengths are plotted as a function of eye horizontal and vertical rotation, assuming Listing's eye positions, in Fig. 4 . The plots show iso-length contours, and it can be seen that whereas the lengths of the horizontal recti for a given horizontal eye rotation are only modestly influenced by vertical eye rotation, those of the vertical recti for a given vertical rotation are more markedly affected by horizontal eye rotation. The influence of horizontal eye-position on the lengths of the oblique muscles is more noticeable still.
The tensions in the six EOMs are derived from the combination of eye-position and reciprocal innervation (cf. Fig. 1 ), and are plotted in similar fashion to EOM length in Fig. 5 . Here the effects of, for example, vertical eye rotation on horizontal muscle force is rather more evident than was the case for muscle length, especially at low magnitudes of tension. One source of the non-linearities evident in Fig. 5 is the relationship between muscle tension, length and innervation used in the model (described in Section 2). For oblique muscle pair, but since these muscles are the weakest of the six EOMs their contribution to system non-linearity is about the same as that for the other muscle pairs. In addition, there appears in Fig. 6 to be some form of coupling between the innervations of the two EOMs that move the eyes upwards (superior rectus and inferior oblique), as there is between the innervations of the two muscles that move the eye downwards (inferior rectus and superior oblique). This coupling is illustrated in Fig. 7 , which plots inferior oblique innervation against superior rectus innervation [ Fig. 7(A) ] and superior oblique innervation against inferior rectus innervation [ Fig. 7(B) ], for eye positions along the vertical meridian. In both cases there is a strong linear relation between the pairs of innervations.
Forward mode: two dimensional control
The property of separability illustrated in Fig. 6 suggests that the six EOMs are amenable to a simple form of two-dimensional control. In fact Donders' law (which states that torsion is determined by fixation) implies that eye positions can be controlled using only example, there is a relatively large operating range of the muscle where force changes slowly because the increased 'active' force from the innervation active force is offset by the loss of 'passive' force as the muscle shortens.
Finally, the innervations for the six EOMs (derivation in Section 2) are plotted in Fig. 6 . It appears that, in comparison with either muscle length or tension, muscle innervation presents a somewhat simpler picture. In particular, the innervation contour lines for the horizontal recti are little affected by vertical eye position, and the contour lines for the vertical recti and obliques are only slightly affected by horizontal eye position. Thus, to good accuracy, horizontal position completely determines horizontal muscle innervations, and vertical position the innervations of the obliques and vertical recti. We call this property separability (with respect to the chosen coordinate system, i.e. Listing's). The largest departure from separability is for the two control parameters (u,6) . [We recognise that Donder's law is violated under head tilt, and to a smaller extent during vergence movements. The effect of head tilt could be modelled directly by allowing explicit control of Listing torsion, which preliminary work indicates can also be approximately separably controlled. Vergence dependent torsion is a smaller effect subject to important individual differences (Ivins, Porrill, & Frisby, 1999 
Such a scheme can be termed a two-dimensional controller. If the current eye position is specified by (u,6) then a change to a new equilibrium position can be specified by the required increments: u%= u+Du, 6%= 6+ D6.
In the general case the required control law might be very complex. However, the contour plots for innervation (Fig. 6 ) suggest a simple control law based on the following separability assumption: the innervational state of the eye is determined by two control parameters, h and 6, the innervation of the horizontal muscles being determined by h alone, that of the cyclovertical muscles by 6 alone. This gives a control law of the form I 1 = I 1 (h) I 2 = I 2 (h) I 3 = I 3 (6) I 4 = I 4 (6) I 5 = I 5 (6) I 6 = I 6 (6).
If muscle pairs are reciprocally innervated as described above, only the three innervations I 1 (h), I 3 (6), I 5 (6) need be specified explicitly. The innervation func- tions for this new 'separable' controller can be fixed by requiring that it closely approximates the behaviour of the standard controller (using the innervation levels illustrated in Fig. 6 ) on the horizontal and vertical meridians. The function I 1 (h) is defined as the innervation of the lateral rectus using the standard controller when the eye is in a Listing position on the horizontal meridian, at an angle of version of h deg. I 3 (6), I 5 (6) are defined as the innervations of the superior rectus and superior oblique using the standard controller when the eye is in a Listing position on the vertical meridian, at an angle of gaze of 6 deg. This use of h, 6 to parameterise innervational state generalises the equivalent angle parameterisation of horizontal muscle innervations to all three muscle pairs. If the system were exactly separable in Listing coordinates then the static commands for any tertiary position with Listing version h deg and elevation 6 deg and zero Listing torsion would be the control input (h,6). Even in the absence of exact separability the kinematic equations are sufficiently regular that the correspondence between fixation directions and control inputs (h,6) is one-to-one, so our prescription of (h,6) in effect specifies a coordinate system on the sphere of fixation directions. On the meridians this coordinate system has been set up to approximate the usual angular coordinates, but at tertiary positions the coordinate system is determined by the mechanical properties of the extraocular muscle system, and in principle could be rather badly behaved.
The efficacy of the proposed control scheme was tested by vectorially adding the innervation for horizontal rotation derived from the horizontal meridian to the innervations for vertical rotation derived from the vertical meridian, then using the added commands to drive the simulated EOMs. The resultant positions of the eye were determined. The control scheme was assessed by plotting the resultant eye-positions in three different coordinate frames. The deviations from Helmholtz and Fick torsion models are presented here to give a qualitative feel for the effects involved and their order of magnitude. Given the familiarity of the Listing model it can be hard to appreciate that there are perfectly good alternatives to the Listing model with their own ecological advantages; e.g. if the eye had been found to produce Helmholtz torsion we would now be admiring the elegant way in which eye movements help to implement stereo shape constancy.
The grid plots on the left of Figs. 8-10 compare the coordinate system derived from the simple control law with the Fick, Helmholtz and Listing's systems of coordinates (see Section 2). Each plot takes a grid of input control values (h,6) covering the range − 30 deg5 h, 65 30 deg, and for each grid point plots the Fick, Helmholtz or Listing version and elevation (q i , i ), i= F, H, L of the fixation direction at each pair of control values. Fig. 8(A) shows that for constant values of 6 and varying values of h, the eye does not remain at the same Fick elevation (mean elevation error= 0.93 deg). Direct control of Fick elevation, though commonly used in monocular robot vision systems, is not particularly relevant ecologically. Keeping h constant and changing 6 does however move fixation vertically while keeping Fick version approximately constant (mean version error= 0.48 deg), and this behaviour might be ecologically useful in an environment containing vertical features.
In contrast, Fig. 9(A) shows that whereas changing 6 alone does not keep Helmholtz version constant (mean version error= 0.74 deg), changing h alone does keep Helmholtz elevation approximately constant (mean elevation error =0.32 deg). Although Helmholtz version is not particularly relevant ecologically, control of Helmholtz elevation is critical to binocular alignment (see Section 3.3.2).
Finally, Fig. 10(A) shows the behaviour of h6-control using Listing coordinates. The plot and the errors scores suggest that the eye positions produced by the simple control scheme systems have h6-coordinates closest to Listing coordinates (mean errors: version = 0.34 deg, elevation= 0.45 deg). This is very satisfactory since Listing angles, which are equivalent to rotation vector components, are in many ways the most natural way of parameterising view direction. Listing coordinates are especially useful for the fixation task described in the next section.
The simple two-parameter control scheme does not explicitly specify the torsional position of the eye. In fact off the horizontal and vertical meridians torsion is completely determined by the mechanical properties of the system. The surface plots [ Fig. 8(B) , Fig. 9(B) , Fig.   10(B) ] show torsion relative to the zero torsion position for the corresponding kinematic model. Fick torsion (also called false torsion) is not well controlled [Fig. 8(B) : mean error 2.79 deg]. Unlike some robotic systems the vertical meridians are allowed to rotate out of the vertical plane. Fig. 9(B) shows that Helmholtz torsion is not well-controlled either (mean error= 2.60 deg), although controlling Helmholtz torsion would have been useful since it keeps the cyclovergence contribution to stereo disparity zero. Finally, it can be seen from Fig. 10(B) that Listing torsion is held approximately zero over the range considered (mean error= 0.36 deg: the maximum deviation of the eye from Listing torsion is about 1 deg, and this is in a position where the false torsion is about 8 deg). The displacement plane produced by our model is to good accuracy the head fixed frontal plane used by Robinson to describe muscle geometry, which is consistent with ex- primary position, whereas movements between fixations within the oculomotor range can be as large as 60 deg (e.g. from − 30 deg to + 30 deg eccentricity). To avoid the problem of unspecified values for Dh and D6, Eq. (17) was adopted:
where the retinal Listing coordinates of the target (which are always available) are added to the current control values. The performance of this control law is shown in Fig.  11 . The slightly amended control law means that the errors in fixating from primary position are not exactly zero. Errors in fixation are smallest between targets on the same radial line through primary position (B1.6 deg). The worst case is horizontal or vertical movements between targets in extreme tertiary positions where the maximum error shown is 6 deg. Errors decrease with eccentricity and the root mean square error for fixations within a 20 deg (half angle) field of view is 0.7 deg.
One of the sources of these errors is geometric. Because the rotation group in three dimensions is noncommutative [rotation A followed by rotation B need not produce the same result as rotation B followed by rotation A, see Tweed and Vilis (1987) for illustrations of this geometrical point] the description of composition of rotations, for example using quaternions or rotation vectors, is inherently non-linear. Thus any commutative control policy must show such errors. The optimal additive separable controller which is exact on horizontal and vertical meridians is
which has cubic error terms. The performance of this geometrical control law is in fact almost identical to that of the mechanical controller (maximum difference about 1 deg at extreme positions) so that the mechanical system does not introduce fixation errors above and beyond the inevitable geometric errors. This may be one reason why the system is set up to approximate Listing control so closely.
Binocular control
We saw in Fig. 9 (A) that the proposed control law keeps Helmholtz elevation approximately constant during changes in version. This has important implications for binocular control since a fixating binocular system must keep the Helmholtz elevations of the two eyes equal.
In this section we will look at the simplest possible three parameter binocular control system. The four control parameters (h L ,6 L ),(h R ,6 R ) for the left and right eyes are specified as perimental determinations of Listing's plane. Hence to a good approximation Listing's law can be derived as a consequence of the mechanical properties of the oculomotor system and the natural assumption that horizontal and vertical muscles are separately controlled.
Forward mode: the fixation task

Monocular fixation
The two-parameter control scheme suggested by the separability of EOM innervations in turn suggests a simple method for converting two-dimensional retinal coordinates into eye-position commands. This is straightforward when the eye is in the primary position: there is a one-to-one correspondence between the points on the retina and the (h,6) values required to fixate them. The parameters h and 6 in effect form a coordinate system on the retina. When the eye is not in the primary position, the required control parameters need to be a function of the current parameters and the retinal coordinates (retinal error) of the new target (Dh, D6). The simplest possible control law is an additive one h%= h + Dh 6%=6 +D6.
This law is exact for movements from primary position and the definition of h, 6 ensures that it will work well for movements along the horizontal meridian or the vertical meridian. However, the model only provides values for Dh and D6 up to 40 deg from the
6 R = 6 where (h6) control binocular horizontal and vertical position as before, and a new disconjugate parameter d is introduced to control vergence.
The binocular performance of this system is easily analysed using Helmholtz coordinates, which have the important property that when the two eyes fixate the same point they have the same Helmholtz elevations L = R . It is conventional to define version and vergence angles in the plane of regard as q= (q L + q R )/2 h= q L − q R respectively. We can also quantify any vertical misalignment of the two eyes using
Vertical alignment error is plotted as a function of fixation in Fig. 12 . Even at the close fixation distance shown (five interocular separations) the maximum alignment error over the 30 deg field is less than 1 deg.
Forward mode: origins of separability
The previous sections indicate that the separability of EOM innervations associated with Listing's positions (Fig. 6 ) has profound implications for eye-position control. It is therefore important to know whether the separability is a robust phenomenon, or the fragile outcome of a specific set of modelling parameters. The control law described in Section 3.2 [Eq. (15)] was therefore applied to variants of the model, and its performance evaluated by measuring the errors associated with tertiary positions. The tertiary positions were chosen to lie within a 30 deg radius circle centred on the primary position, and the errors associated with variants of the original model are shown in Fig. 13 .
Condition A refers to the original model. In condition B the reciprocal innervation relation [Eq. (10) in Section 2] has been altered. The parameters h and w of Eq. (10) were chosen either to flatten the hyperbola described by the equation (B1: h= 27, w=360), or steepen it so that in effect only the agonist muscle was active (B2: h= 5, w= .55). It can be seen that these manipulations had very small effects on the errors, i.e. the system remained separable.
Similarly slight effects on errors were observed after increasing the strength of the oblique muscles [using parameter u of Eq. (8) in Section 2] until they were the same as the vertical recti (C); or after decreasing the torsional stiffness of the orbital tissues to zero (D1) or increasing it to 10× original value (D2). Adjusting the sideslip parameter K slip (Fig. 3 ) from its original value of 0.3 to give either no sideslip (E1) or full sideslip (E2) also had modest effects on errors.
The manipulation that did produce a very substantial increase in errors was removing the model equivalent of the pulley, i.e. setting parameter d to zero [ Fig. 3(B) , Fig. 3(D) ]. In condition F1 no sideslip was allowed [K slip = 0, Fig. 3(D) ], whereas in condition F2 full sideslip was possible [K slip = 1, Fig. 3(B) ]. In either case, the errors produced by the simple control law of Eq. (15) were substantial, indicating that in the absence of pulleys separability had broken down. The superiority of condition F1 over F2 reflects the fact that zero slideslip partially mimics the presence of pulleys. 
Discussion
The purpose of the first part of this study was to characterise the control signals that are sent to the EOMs in order to maintain steady fixation at eccentric positions of the eye. The inverse kinematics equation was solved for a detailed model of the EOM system in equilibrium, assuming both Listing's law and reciprocal innervation in order to overcome problems of redundancy. Although the model included most known sources of non-linearity, the required control signals (or innervations) suggested that the system is far simpler to control than might initially be supposed. To reasonable accuracy, it separates into horizontal and vertical components. The second part of the study showed that, as a consequence of this property of separability, the simplest possible control laws for monocular position and fixation, and for binocular fixation, perform adequately when applied to the detailed model over much of the visual range. It also showed that separability depends critically on the presence within the model of features representing the EOM pulleys.
Four aspects of these findings are discussed: evidence for separability; relation to previous studies; implications for the implementation of Listing's Law; and finally, the relation between static and dynamic control.
E6idence for separability
The results of using the model in inverse mode predict that eye-position control is partitioned into horizontal and vertical subsystems, and that within the vertical subsystem the innervations sent to the two 'upward' muscles are tightly coupled, as are the innervations sent to the two 'downward' muscles (inferior rectus and superior oblique). A number of lines of evidence broadly support these predictions.
(i) Recordings of EOM tensions in encephalé isolé cats (Nakayama, 1975) have indicated that: (a) the tensions in agonist-antagonist pairs are reciprocally related; (b) 'to a first-order approximation, reciprocal pairs form functional units and these units have an independence from other pairs' (p. 203); and (c) tensions in the obliques and vertical recti are yoked such that, for example, there is a high positive correlation between tension in the superior oblique and that in the inferior rectus. In people, electromyographic recordings suggest that separability holds up to at least 9 23 deg from the primary position (Momosse, 1957) , although it may break down at more extreme positions (9 50 deg horizontal, 9 40 deg vertical Tamler, Marg, & Jampolsky, 1959) .
(ii) Oculomotor neuron (OMN) on-directions in rhesus monkeys have been determined using multiple linear regression analysis of firing rate data, obtained during spontaneous fixations over approximately a 9 30 deg range, both horizontally and vertically (Hepp, Suzuki, Straumann, Hess, & Henn, 1996; Suzuki et al., 1999) . For the horizontal recti these on-directions have very small vertical components [B 0.3 deg, calculated from Table 5 of Suzuki et al. (1999) ]: for the vertical recti and obliques the horizontal components are somewhat larger (3.2-12.5 deg) but still modest. Moreover, '(d)uring eye movements in Listing's plane, the innervation planes of the horizontal recti and obliques stay fixed, as the horizontal-vertical components of the motoneuron innervation gradients do not change significantly ' Hepp et al., 1996, p. 631) . Finally, the OMN on-directions for the upward and downward muscle pairs indicate that for each pair the vertical components are in the same direction, whereas the torsional components are in opposite directions and of roughly equal amplitude. According to these measurements, the coupling of position commands predicted by the model would thus tend to produce a strong vertical drive, but weak or nonexistent torsional drive. This is the combination required to produce Listing's eye positions.
(iii) The major sources of eye-position commands to the OMNs are thought to be two velocity-to-position integrators: (i) for horizontal eye position, located bilaterally in the nucleus prepositus hypoglossi and adjacent medial vestibular nucleus in the medulla; (ii) for vertical eye position, located bilaterally in the interstitial nucleus of Cajal in the midbrain (for reviews see, for example, Fukushima & Kaneko, 1995; Crawford, Vilis, & Guitton, 1997) . These integrators are regarded as being functionally as well as anatomically separate. In addition, the vertical integrator is organised so that vertical displacements with no torsional components can be generated by a simple form of coupling, namely symmetrical bilateral activation (reviewed in .
It is important to emphasise that the evidence consistent with a simple control law applies only to the central 9 30 deg or so of the visual field. Theoretical and experimental studies indicate that for larger displacements of the eye a control law that does require knowledge of the eye position in the head is implemented Klier & Crawford, 1998) , to take account of the geometrical problem referred to in Section 3. The simple control law might serve as a useful springboard for learning this more complex control mapping.
Relation to pre6ious studies
As indicated in Section 1, two main strands of earlier research are particularly relevant to the present results. One relates to the simple control law that is based on separability and the yoking of the four vertical muscles, so that they have one degree of freedom. This law for generating Listing's positions was described in 1868 by Hering: 'The goal of seeing an object exactly above the presently fixated point for instance, requires an innervation of the motor which moves the sight upward. That this motor consists of four divisions. the four muscles of the raising group, is as irrelevant as the numbers of gears constituting a machine, as long as it obeys the machine operator's intentions' (p. 51; page numbers refer to the 1977 edition). Arguments and evidence in favour of Hering's scheme were subsequently provided by Nakayama (1975) , whose observations (see Section 4.1) led to the proposal of a 'Listing's Law Box', in which horizontal commands were fed only to the horizontal recti, whereas (in one implementation) vertical commands were fed to the yoked vertical recti and obliques [Nakayama, 1975, Fig. 13(A), p. 204] . More recently Haustein (1989) found that with a linearised EOM model designed to investigate the basic principles underlying the generation of Listing's positions 'the linear coupling of the innervation quantities is necessary and sufficient for Listing's Law' (p. 416).
However, one problem with this strand of research has been the difference between plausibility and proof. As Hering commented: 'The validity of the law of innervation…can be derived with great likelihood simply from the arrangement of the eye muscles but for closely related reasons it cannot be proved. To do so a mathematically exact knowledge of the modes of operation of the single muscles and the resistances which oppose each single movement would be necessary' (Hering, 1868 (Hering, /1977 .
This comment leads to the second strand of relevant research, namely the detailed modelling of the actions of the six EOMs. However, these models have not been used to investigate the possibility of a simple control law. One reason may have been the initial findings of Robinson (1975b) , whose model produced iso-innervation contours (Fig. 5 ) resembling in broad outline those of the present study (Fig. 6 ), but with substantially more deviation from the straight lines, parallel to a major axis, required by separability. The discussion of these results in fact tended to emphasise the cross-coupling between horizontal and vertical muscles (Robinson, 1975b, p. 809) rather than their separability. Subsequent developments of Robinson's model have not been so systematically concerned with iso-innervation curves (e.g. Boylan & Clement, 1989; Clement, 1985; Miller & Robinson, 1984; Miller & Shamaeva, 1995; Simonsz & Spekreise, 1996) , though inspection of unpublished material kindly made available by Drs Clement and Simonsz (personal communications) indicate that for two of these models (Boylan & Clement, 1989; Simonsz & Spekreise, 1996) some degree of separability is clearly present.
The results of the present study could thus be viewed as bringing the two strands of research together. They show explicitly that the simple control law proposed by Hering will generate Listing's positions to good approximation, in a highly detailed EOM model (Miller & Shamaeva, 1995) developed from that of Robinson (1975b) . Moreover, the finding that separability is substantially compromised if the elements of the model representing muscle pulleys are removed suggests an explanation of why the original version did not show striking separability: at the time the model was developed, the research pointing to the existence of pulleys had not been carried out, so pulleys were not represented.
A recent simulation has shown that, if EOM properties are simplified sufficiently, separability for static commands can be obtained independently of pulleys (Quaia & Optican, 1998) . The simplifications included treatment of each agonist-antagonist pair of EOMs as a single ideal muscle, able to apply a positive or negative torque; assumption of a constant tension-innervation ratio for each ideal muscle; and assumption of orthogonal planes of action for the three ideal muscles. At present it is unclear which of these assumptions is crucial for pulley-independent separability.
Implementation of Listing's law
The results of the present study do not directly illuminate the functional basis of Listing's law, but do indicate how it might be implemented, that is by a simple control law acting on an EOM system with appropriate mechanical properties. Both the control law AND the mechanical properties (cf. Fig. 13 ) are required, suggesting that debates concerning the primacy of one over the other could be of limited usefulness.
A more productive question is how the control law itself comes into being. The central role of adaptive processes in oculomotor control (e.g. Berthoz & Melvill Jones, 1985; Grossberg & Kuperstein, 1989) was apparent to Hering: 'I have indicated…that certain functions of the sense of sight find their basis in inborn arrangements. On this basis my opinion has been caricatured as though I let a child into the light of the world already completely educated as a visual virtuoso…So I must fear that my opinion that Listing's law is already determined by the inborn mechanisms of the musculature will experience a similar misinterpretation. The entire motor system of our body is apparently modifiable by experience in large degree, as much in its nervous as in its muscular part The motor system of the eyes is surely no exception to this' (Hering, 1868 (Hering, /1977 . What are the specific adaptive mechanisms that solve the redundancy problems inherent in the control of eye position? These problems, as described in the Introduction, require six degrees of freedom to be reduced to two. However, in reality each EOM is innervated by several thousand OMNs, so that the actual number of degrees of freedom is very large (cf. discussion in Nakayama, 1975) . From the point of view of biological adaptive control, the redundancy issues outlined in the Introduction are part of a much wider problem of coordination.
A possible solution to the coordination problem has been suggested by a model of position control in one dimension . The goal of the modelled system was to learn the correct step commands for a population of noisy motor units, using the post-saccadic image slip produced by a faulty step command as an error signal (Goldstein & Robinson, 1986) , The strengths of the motor units in the population varied over a 50-fold range (Meredith & Goldberg, 1986 ). In such a distributed system, noise induced image slip is dominated by the strongest units, so that a simple learning rule designed to reduce unwanted slip results in strong units being recruited only when necessary to offset orbital elasticity. This is in effect the size principle (Henneman & Mendell, 1981) , and its application to oculomotor control in one dimension produces a reasonable quantitative fit to the data on reciprocal innervation over the central 9 30 deg of the oculomotor range (Daunicht, 1991; Dean, Porrill, & Warren, 1999) . Initial investigations of a control law related to the size principle suggest it may also be the basis of reciprocal innervation for Listing's positions in the three-dimensional EOM model (Warren et al., 1998) .
It can therefore be speculated that Listing's commands are generated by a noisy, distributed positioncontroller seeking to reduce retinal slip via an EOM rig featuring pulleys. This possibility is attractive for at least two reasons. First, it is consistent with the learnt nature of separability. A number of cross-axis effects can be induced by appropriate training for discussion see e.g. Kapoula, Robinson, & Optican, 1993) , in a manner suggesting that the normal ''lack of a horizontal component [in vertical displacements] is active rather than passive'' (Kapoula et al., 1993 (Kapoula et al., , p. 1042 . That is, signals are in fact sent from the vertical subsystem to the horizontal subsystem, but these are normally calibrated to cancel each other out. Secondly, it suggests that position control can to some extent be understood in terms of general principles, since its emphasis is not so much on the minutiae of EOM geometry that vary between and within species and individuals, as on principles relating visual consequences to oculomotor control that are more generic. In this context it is noteworthy that the accuracy of the simple control law based upon separability was insensitive to simulated variations in the strength of the obliques, in orbital elasticity, or in the degree of EOM sideslip (Fig. 13) . Similarly, separability is found for Listing-position innervations in monkeys (Hepp et al., 1996; Suzuki et al., 1999 ) despite a number of differences in EOM geometry from humans (Miller & Robins, 1987; Suzuki et al., 1999) .
Relation to dynamics
The present study dealt only with the static problem of controlling the eye in three dimensions ('step' commands), on the grounds that not enough was known about EOM and orbital dynamics to construct a detailed dynamical model. However, the question arises of how far an understanding of the static control signals helps to characterise the dynamic control signals (e.g. 'pulse' commands for saccades). One reason for asking this question is that experimental evidence shows the linkage between step and pulse to be very tight: for example, if saccades are arbitrarily interrupted by stimulation of appropriate brainstem sites, the eye remains stationary (e.g. Keller, 1977) . Unfortunately, it has proved much easier to demonstrate the existence of the linkage than pin down its precise form. Controversy centres on whether the static step is calculated by integrating the transient pulse (in real time), as proposed for saccades in one dimension (Robinson, 1975a) , or whether a more complex scheme is needed (for a variety of views see e.g. Quaia & Optican, 1998; Raphan, 1998; Tweed, 1997; van Opstal, Hepp, Suzuki, & Henn, 1997) . Clearly, uncertainty about the linkage between step and pulse prevents using the former to identify the latter.
A complementary approach would be to characterize the pulse first, thereby allowing its relation with the step to be determined subsequently. Data available for saccadic trajectories (e.g. Becker & Jü rgens, 1990; Bruno & Van den Berg, 1997) could be used in conjunction with a detailed EOM model of the kind used here, provided it were extended to cover the dynamic properties of the EOMs and of orbital tissue. It is important to note the possible importance of anatomical and physiological detail in this context.
(i) The separability for static commands found in the present study points to a similar organization for the saccadic system (cf. Hepp et al., 1999) , and recent modelling studies of simplified EOMs show that for appropriate placement of soft-tissue pulleys, not only are three-dimensional saccadic control signals separable, they can generate the underlying static control signal by the straightforward integration referred to above (Quaia & Optican, 1998; Raphan, 1998) . However, in a highly simplified model, pulleys were not needed for static separability (Quaia & Optican, 1998) , whereas in the detailed model of the present study pulleys were in fact necessary. This discrepancy suggests caution in interpreting the results of simplified models, a view reinforced by initial simulations of saccades between tertiary positions in the present model. With an apparently plausible value for torsional viscosity, intermediate positions could deviate markedly from Listing's law if separable saccadic commands were used (unpublished observations).
(ii) A further need for physiological accuracy may arise if the lumping of OMN firing rates into a single innervation parameter that was used in the present study proves to be less straightforward for saccadic commands (e.g. Pfann, Keller, & Miller, 1995) . Quaia and Optican (1997) have found that for the premotor saccadic system 'the simple implementation of a distributed model with physiological elements has dramatic implications for modelling the whole saccadic system. In fact, when one part of the system is implemented in a distributed manner, all parts that interact with it must be reconsidered. Solutions that made sense in a lumped framework may not make sense at all in a distributed framework ' (p. 1132) . It is possible that identifying saccadic commands in a distributed framework would be an important precursor for solving the problem of step-pulse linkage.
Conclusions
In a detailed model of EOM geometry and statics, Listing's positions could be generated to reasonable accuracy by a simple, separable two dimensional control law. This finding appears consistent both with neurophysiological observations, and with earlier theoretical studies. It is possible that the simple control law would be learnt by a noisy distributed system seeking to reduce image movement on the retina.
